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Finite Volume Calculation of Three-Dimensional
Potential Flow Around a Propeller

Wen-Huei Jou*
Flow Industries, Inc., Kent, Washington

The development of a finite volume scheme for computing potential flow around a rotating propeller is
presented. First, the governing potential equations are derived. General mesh properties, as well as the method
of mesh generation, are discussed. Solution of the Mach 0.6 flow around an SRI propeller is given. Near the
leading edge, a low-density region terminated by a strong shock wave is indicated. The result is further con-
firmed by two-dimensional calculations of the airfoil section. At Mach 0.8, the calculation diverges with an
indication of a separated cavity near the leading edge. The ability of the code to compute a high-speed flow is
demonstrated by the calculation of Mach 0.8 flow around a fictitious propeller with an NACA 0012 cross sec-
tion. A physical picture of a two-scale flowfield is conjectured for high-speed flow around a blade with a sharp
leading edge. With the assumption that the local leading-edge flow does not affect the global flow, a solution of
Mach 0.8 flow around an SRI propeller can be obtained.

Introduction

THE continued high cost of airplane fuel has stimulated
research toward developing an energy-efficient transport

airplane. One of the programs along this line is the
development of an advanced technology turboprop. Con-
servative estimates have put the potential fuel savings at
between 14 and 30% of the consumption of current transport
aircraft. An advanced turboprop typically operates at Mach
0.8, with an advance ratio of approximately 3. This com-
bination gives a tip Mach number of around 1.2. Many
technical problems arise from this high tip speed, one of
which is the evaluation of aerodynamic performance. An
advanced propeller usually consists of eight to ten blades,
each blade highly swept and highly twisted with a small aspect
ratio. The aerodynamics of flow around such a propeller at
high speeds can be exceedingly complex.

The earliest work on propeller aerodynamics was the
classical paper by Goldstein.1 He investigated the induced
flow by the helical vortex wake for incompressible flow. An
optimum load distribution along the blade was then obtained.
Incompressible lifting line theory for the wing has recently
been extended in order to compute flows around a propeller.
These methods are reviewed by Bober and Mitchell.2 At-
tempts are made to take into account the flow induced by the
hub and the effect of a curved blade in an ad hoc manner. The
earliest known work on compressibility effects on a high-
speed propeller was by Busemann.3 Within the framework of
linearized theory, he decomposed the velocity potential into
Fourier-Bessel components and noted changes in the
characteristics of the solution across the "sonic circle." The
Fourier-Bessel representation of the solution was used to
illuminate possible acoustic resonance when testing a high-
speed propeller in a wind tunnel. Davidson was probably the
first to compute quantitatively the effect of compressibility in
a lifting line theory.4 Specific computation was made for a
propeller operating at an advance Mach number of 0.8193
with an advance ratio equal to TT. His results showed that the
compressibility effect contributes only 2% of the induced
flow angle at the lifting line. These results were all obtained
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under the assumption of a high aspect ratio, so that the idea
of a lifting line is applicable. Recently, Hanson has reported
results obtained by using a lifting surface analysis in which a
fundamental solution from a lifting element in a high-speed
helical flow is used to construct the global solution that
satisfies boundary conditions on the blade surface.5 It is a
linear theory which neglects the thickness of the blade,
however.

In the past ten years, the numerical solutions of potential
flow around a three-dimensional complex geometry have been
developed to a high degree of sophistication. They are
routinely performed in the aerodynamic designing of the
wing. The methodology used there should be applicable to the
present problem. The nonlinear governing equation and the
exact boundary conditions, as well as the effects of complex
geometry such as the hub-induced flow and cascade effects,
can be included in the computations.

This paper presents the preliminary results of an attempt to
apply the finite volume scheme of Jameson and Caughey for
potential flow calculations to this problem.6 A brief
derivation of governing equations will be given, followed by a
discussion of methods of grid generation for the present
problem. Numerical methods and some preliminary results
are also presented. Finally, a discussion of the possible
physical mechanism that may have played an important role
in the aerodynamics of the propeller is given.

Governing Equations
The flowfield around a rotating propeller is in a steady state

if it is observed in a blade-fixed coordinate system. If the
viscous effects are confined in a thin layer adjacent to the
solid surface, the flow is governed by an inviscid equation of
motion. Furthermore, if the flow is unsteady but irrotational
in the nonrotating frame of reference, it must be governed by
a potential equation in the blade-fixed frame, despite the
artificially imposed rigid body rotation in a rotating frame.
Derivations of the potential equation in a rotating frame are
available from the literature by transforming the equations
from an unsteady form in the nonrotating frame to those in
the rotating frames through direct chain-rule substitutions
(e.g., Caradonna7). In the following, we offer a concise
derivation based on the steady-state Euler equation in a
rotating frame. This derivation is not only simple, but it also
provides better physical insight into the problem.

The steady-state Euler equation under a homentropic
assumption in a coordinate system rotating with angular
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velocity ft can be given as

— + - ? • ? - ( f t X r ) - ( f t x r ) \ ~ q x ( to+2ft)=0
o 2 J (1)

where q is the velocity vector, o> the vorticity vector, p the
pressure, and p the density. A simple curl operation on this
equation reduces it to the following vorticity equation.

(2)q- - Vq

The quantity a; + 2ft is the absolute vorticity, as observed in a
Newtonian frame. As expected from the physics of the flow,
the absolute vorticity will be zero throughout the entire
flowfield except on isolated vortex sheets if it is zero far
upstream. If U^ is the advance velocity of the propeller, and r
is the position vector, a perturbation velocity u ' , defined as

(3)

can be shown to be irrotational, i.e.
«' = V<£ (4)

where </> is the perturbation velocity potential, by using the
condition of zero absolute vorticity. The conservation of mass
can be shown as

0 (5)
Now, a relation between the density p and the perturbation
velocity potential must be derived. This can be achieved by
multiplying the Euler equation by the velocity. By using the
irrotational relation (4) and the isentropic relation between
pressure and density, the following form of Bernoulli's
equation can be derived.

— =j/-^:r- \(U00+rxQ)-V<t> + - V</>-V0]]^- 7 (6)
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where y is the ratio of specific heats and a^ is the speed of
sound at infinity. If the density p is eliminated from Eqs. (5)
and (6), the result is a nonlinear equation governing the
perturbation velocity potential </>. These equations will be
solved by a finite volume algorithm.

Mesh Generation
The first step of a finite volume calculation is to generate a

computational mesh. The detailed considerations of mesh
generation have been published earlier.8 Here we shall briefly
summarize some of the considerations of the mesh system,
and the method of generating a desirable mesh system will be
described.

The flowfield of a rotating propeller is periodic in the
blade-to-blade direction. A natural choice for the com-
putational mesh is a composite of two-dimensional meshes on
a series of cylindrical-type surfaces intersecting the propeller
blades. For this purpose, the hub-blade combination is
augmented by a small-radius cylinder at the nose and a fic-
titious blade platform beyond the blade tip. The detailed
considerations in augmenting the configuration have been
discussed and will not be repeated here.8 On these cylindrical-
type surfaces, cross sections of blades form a cascade con-
figuration, and two-dimensional cascade meshes will be
generated. Two-dimensional meshes are divided into three
categories: O-type, C-type, and H-type. The O-type meshes
wrap around the entire blade cross section, while C-type
meshes wrap around the leading edge and are open in the
downstream direction. Both of these types of meshes have
been successfully applied to two-dimensional calculations.9

However, when a C-type mesh is applied to the three-
dimensional calculations for the propeller problem, several
difficulties arise. The upstream extent of the C-type mesh is of
the order of the blade-to-blade spacing. For an eight-blade
propeller, this spacing is less than a chord near the hub
surface. With an axisymmetrical hub extending quite a

distance upstream, however, the C-type mesh cannot
adequately cover the hub surface, and the freestream con-
dition is applied too close to the configuration. In addition,
the trailing edge must be on a mesh line, i.e., the trailing-edge
index must maintain constants along the span of the blade.
Since the blade is highly twisted, the cascade configuration
varies substantially along the span. If a set of trailing-edge
indices is chosen, the resulting' two-dimensional cascade
meshes have unevenly distributed mesh spacing on the blade

'surface: very dense on the upper surface and sparse on the
lower surface on the spanwise stations near the blade tip.
Furthermore, on the surfaces beyond the blade tip, an internal
artificially created boundary, i.e., the augmented blade
platform, is present. The dense mesh on one side and the
sparse mesh on the other require interpolation of the velocity
potential across this fictitious boundary. Since the local
undisturbed flow can be supersonic, the error of interpolation
may create an undesirable mass source, which may cause the
divergence of the solution.

An H-type mesh can be extended arbitrarily upstream and
downstream. The blade cross section is mapped to an internal
branch cut on which mesh spacing can be controlled. On the
spanwise stations beyond the tip, there is no internal artificial
boundary. It seems to be a better choice for the present
complex configuration.

The following simple procedure is used to generate H-type
meshes for the present problem.

1) Taking an isolated airfoil with a given leading-edge
curvature, K, the following transformation maps the branch
cut along the positive real axis of the £ plane to a parabola
with the same curvature at the origin.

Z=/£** (7)

2) By a simple shearing transformation, the parabola is
sheared to the airfoil surface, while a pair of lines that
coincide with the periodic boundary far upstream are sheared
to two straight lines.

3) The transformed space, £, is divided into rectangular
grids. The corresponding grid in the physical space is an H-
type wind tunnel grid.

4) The resulting mesh is not periodic in the blade-to-blade
direction. By a shearing transformation again, the meshes are
distorted to satisfy the periodic boundary conditions.

Figures 1-3 show the resulting cascade meshes. These
meshes are then sheared in the radial direction to make them
conform to the axisymmetric hub.

Numerical Calculations
The finite volume algorithm of Jameson and Caughey6 is

used for computing the perturbation potential <f>. The
nonuniform undisturbed flow is computed at the center of

Fig. 1 Cascade mesh for SRI blade, hub station.
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Periodic Boundary

Fig. 2 Cascade mesh for SRI blade, station near hub.

Fig. 3 Cascade mesh for SRI blade, station near hub at 0.7 span.

each cell and the perturbation velocity is superimposed. Flux
balance of the secondary cell can then be formulated using the
computed velocity together with the proper density expression
Eq. (6). Vertical line relaxation is used. Referring to Fig. 4,
the potential along a vertical line is updated simultaneously in
region A. In regions B and C, the lines start from the blade
surface and end at the periodic boundaries. In region D, the
potential along a vertical line is again updated
simultaneously, but with the proper potential jump across the
vortex wake subtracted out when computing the flux balance
across the wake.

The sweeping direction is at a substantial deviation from
the undisturbed flow off the tip of the blade. Because the flow
is supersonic there, a substantial amount of artificial time
damping must be added. In fact, the amount of the damping
is scaled to the sixth power of the local Mach number to
obtain a converging solution.

Periodic Boundary

Fig. 4 Vertical line relaxation.

Fig. 5 Pressure distribution on SRI blade at Mach 0.6, hub station.

a
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Fig. 6 Pressure distribution on SRI blade at Mach 0.6, midspan.

On the portion of the upstream boundary where the local
undisturbed flow is supersonic, the Cauchy data are applied.
On the downstream boundary, extrapolation of the velocity
potential along the undisturbed flow direction has proven to
be useful. Application of a nonreflecting condition on the
outer cylindrical boundary has not been attempted for this
preliminary calculation. The perturbation potential is given a
zero value there.

Flows around an SRI propellert with a given axisymmetric
hub are now computed. At the low advance Mach number of
0.6 with an advance ratio of 3.06 and twist angle at three-
quarter span of 58 deg, the pressure distributions on the blade
at several spanwise stations are shown in Figs. 5-7, where CP
is defined by the tip rotating speed. At some stations near the
tip, a low-density region develops near the leading edge. A

•fThe SRI propeller is an eight-bladed propeller designed for
cruising at Mach 0.8. Geometrical data for the propeller can be ob-
tained from NASA Lewis Research Center.
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strong shock wave terminating the low-density region is in-
dicated. To confirm this phenomenon, we turn to a two-
dimensional airfoil calculation. The FLO 26 code developed
by Jameson is applied to the airfoil section near the tip. The
airfoil has a 2% thickness ratio with a leading-edge radius of
0.1% of the chord. The code uses a C-type mesh, and the
mesh spacing near the leading edge is adjusted to resolve the
leading-edge radius. Figure 8 shows the resulting mesh near
the leading edge. At the freestream Mach number of 0.6, the
pressure distribution on the airfoil is shown in Fig. 9. Again, a
low-density region terminated by a strong shock wave is
indicated. If the Mach number distribution over the two-
dimensional flowfield is examined, the extent of the super-
sonic region is very small. Any attempt to increase the
freestream Mach number of 0.8 causes the solutions to
diverge. The three-dimensional calculation of the SRI
propeller at the advance Mach number of 0.8 also diverges.
To further confirm that the sharp leading edge is the cause of
the difficulty, a fictitious propeller with the same platform as
the SRI with an NACA 0012 cross section is tested for
calculation at Mach number 0.8. The calculation shows good
convergence, and the resulting pressure distribution is shown
in Figs. 10-12.

The physical picture seems to indicate that the flow is one
with multiple scales. The outer flowfield in the global scale of
the chord length determines the lift and, hence, the stagnation
point. The local flow near the leading edge attempts to
negotiate the small radius turn and expands to the limiting
stream direction, leaving a zero-density bubble at the leading
edge. This bubble is terminated by a strong shock wave on the
upper surface. The local length scale is a function of Mach
number, lift (angle of attack), and the leading-edge radius. A
limiting case of a flat plate at the freestream Mach number 1.0
has been investigated by Vincenti et al.10 A zero-density
bubble terminated by a strong shock wave was shown in the
framework of inviscid theory. The real flow can be even more
complicated. Since the limiting speed of the flow at zero
density is a finite value, the local Reynolds number is small.
The effect of viscosity cannot be neglected. This dissipation,
together with a strong shock wave in the scale of local flow,
creates a strong entropy layer which is convected downstream
along the blade surface. This strongly rotational entropy layer
may affect the global flow and modify the lift if the in-
teraction is strong. If one assumes that the outer flow is not
affected by the local leading-edge flow to the lowest order,

Fig. 7 Pressure distribution on SRI blade at Mach 0.6,0.84 span.

Fig. 8 Two-dimensional C-type mesh near leading edge of SRI
airfoil.
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Fig. 9 Pressure distribution by two-dimensional calculation on SRI
airfoil at Mach 0.6 and an angle of attack of 2 deg.

Fig. 10 Pressure distribution on NACA 0012 blade at Mach 0.8, hub
station.
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Fig. 11 Pressure distribution on NACA 0012 blade at Mach 0.8, 0.52
span.
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Fig. 12
span.

Pressure distribution on NACA 0012 blade at Mach 0.8, 0.88

one can intentionally adjust the mesh spacing near the leading
edge so that the fast-varying local flow is averaged over the
coarse mesh there. A converged solution can be obtained in
this manner for a sharp leading-edge propeller, such as the
SRI. The truncation error near the leading edge is very large;
however, one hopes that this error is localized.

Conclusions
A finite volume code is developed for calculating flow

around a rotating propeller at high speed. After some ex-
perimentation with the popular C-type mesh, it is concluded
that an H-type mesh is more flexible for the present problem.
An H-type mesh generated for the present problem is used
successfully in the calculations. For propeller blades with a

sharp leading edge, the calculation indicates that a low-
density "bubble" develops very close to the leading edge. This
low-density region is terminated by a strong shock wave. At
high speeds, this fast expansion around the leading edge may
leave a separated vacuum cavity within the inviscid theory.
The existing finite volume calculation fails to give a converged
solution for this case. However, a test calculation with a thick
blade cross section shows that the present code is capable of
computing the propeller flow at the advance Mach number
0.8. A physical picture can be conceived that consists of a
local flowfield at the leading edge where the viscous effect is
important and a strong but small shock wave is present. Away
from this region, flow is governed by inviscid flow with a
rotational entropy layer near the surface. The exact in-
teraction of the local leading-edge flow and the global flow is
not clear. If one assumes that the local leading-edge flow does
not affect the global flowfield, the latter can be computed by
using a mesh system constructed in the global scale. In this
global mesh, the leading-edge flow is smoothed out and a
converged solution can be obtained. The large truncation
error at the leading edge is certainly recognized. Hopefully,
the truncation error is localized to that area.
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